Examples are given of normal elements of C*-algebras that are invertible modulo an ideal and have nonzero index, in contrast to the case of Fredholm operators on Hubert space. It is shown that this phenomenon occurs only along the lines of these examples.
Let T be a bounded operator on a Hubert space. If the range of T is closed and both T and T* have a finite dimensional kernel then T is Fredholm, and the index of T is dim(kerT) -dim(kerT*). If T is normal then kerT = ker T*, so a normal Fredholm operator has index 0.
Let us consider a generalization of the notion of Fredholm operator introduced by Atiyah. Let X be a compact Hausdorff space and consider continuous functions T: X -> B(H), where B(H) is the set of bounded linear operators on a separable infinite dimensional Hubert space with the norm topology. The set of such functions forms a C*-algebra C(X) <g> B(H). A function T is Fredholm if T(x) is Fredholm for each x . Atiyah [1, Appendix] showed how such an element has an index which is an element of K°(X). Suppose that T is Fredholm and T(x) is normal for each x. Is the index of T necessarily 0?
There is a generalization of this question that we would like to consider. Let A be a C* -algebra, Jf the algebra of compact operators on a separable infinite dimensional Hubert space, and M (A ® 3F) the multiplier algebra of the C*-completion of the algebraic tensor product of A with Jf (see Blackadar [2, the connecting homomorphism and [q(x)] denotes the class of q(x) in A, (B).
We can now state the problem as it was posed to us by Gert Pedersen. If x £ M (A ® JT) is a normal Fredholm element, is index(x) necessarily 0 ?
Let D denote the open unit disk in the complex plane. We shall show that for A = C0(D) and B = C(S ) there is a normal element of B that is invertible modulo A and has nonzero index. More generally, we shall show that the answer to the above problem in M (A ® JT) is negative whenever A is a C*-algebra for which there exists a *-homomorphism cp: C0(D) -► A ® Jif such that <pt ^ 0 in A~0 . Moreover in Theorem 2 we shall show that this is the only way in which M(A <8>Jf) can contain a normal Fredholm element with nonzero index.
We will use the following notations. If A is a (possibly nonunital) C*-algebra we will write A for its unitalization, M (A) for its multiplier algebra, and M2(A) for the algebra of 2x2 matrices with entries in A. We will let q denote the quotient map of C* -algebras, in which case the corresponding algebra and ideal should be clear from the context.
Let us recall some definitions we shall need for our computations. Let 0 -> A -> B -> B/A -> 0 be a short exact sequence of C*-algebras. Suppose that x £ B, ||*|| < 1, and 1 -x*x and 1 -xx* belong to A. Let us compute index(x). Let To extend this example to other C*-algebras, we require a lemma.
Lemma. Let A and B be C* -algebras, let h: A -* B be a *-homomorphism, and suppose that h: M ( We remark that this example does not answer the question we raised in the second paragraph of this paper. This is because the multiplier algebra M(C(S )®5f) is equal to the algebra of functions from S2 into B(H) which are continuous relative to the strong-* (equivalently er-strong-* ) topology [2, 12.1.1], rather than the norm topology. However, a theorem of Pimsner, Popa, and Voiculescu, [8, Theorem 3.3] , allows us to conclude that there is a normcontinuous example. Example 2. By [6] there is a '-homomorphism cp from C0(D) into an AF algebra A which induces an injection in A-theory. Then Theorem 1 implies that there is a normal essentially unitary element in M (A ® 3?) with nonzero index.
Example 3. Recent work of Elliott and Loring allows us to refine Example 2. We may assume (by [3] ) that A is a simple unital (separable) AF algebra.
Finally, we give a converse to the above construction. Namely, this construction is the only way in which a normal Fredholm element can have nonzero index 
